743

we call type (1,1) . Similarly we define the rearrangements of type (2,2): 2T% — Q — 27T%;

(1,2): T*— U~ 2T% (0,): @ — S— T%. The last two rearrangements occurring in the reverse
order we denote, respectively, by the symbols (2,1) and (1,0). The notation (l:1) denotes a
continuous deformation of the connected component of the integral manifold on which there are
no critical points. The symbols of simultaneously occurring rearrangements are connected by
a plus sign, or will indicate an integral multiplier, if they are identical.

Let us now enumerate the bifurcation sequence taking place along the dash-dot arrows in
Fig.l: a) 2(0,1),(2,1),(1,2),(22), 2¢1,0); b 0. 1), A:9)+(0,1); o (0,1), (1,2). The trans-
ition from component 2 to component 5 from above (Fig.3) is accompanied by bifurcation 2 (1:
1)+ 2(0,1) , and from below by 2(1,2). 1In passing from component 5 to component 3 we have

bifurcation 2(2,1), and when emerging from component 5 into region k<0 we obtain bifurca-
tion 4 (1,0).
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ANALYTIC SOLUTIONS IN THE THEORY OF COAGULATING SYSTEMS WITH SINKS™

A.A. LUSHNIKOV and V.N. PISKUNOV

Analytic solutions are derived for the problem of the evolution of the
mass spectrum of three models of coagulating systems with three~
dimensional uniform sinks. The case when the rate of drainage of particles
with masses greater than some critical value G is higher compared with
the rate of an individual act of coalescence is considered, and the
problem is reduced to the consideration of a coagulation process without
sinks, but where coagulation of particles of mass greater than G is for-
bidden. Coagulation kernels that are a) independent of the mass of the
colliding particles, b) proportional to the sum, and c) equal to the
product of masses of colliding particles are considered., Exact expres-
sions are obtained for the dependence of the coagulating particles mass
spectrum and for the sediment, and their asymptotic form in the limit
when G is large is analyzed.
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1. A three~dimensional uniformly coagulating dispersed system is defined by the mass
spectrum ¢, () , i.e. the concentration of the dispersed phase particles of mass g at the
instant of time t. It is often convenient to assume that each particle consists of unit mass
monomers. As the latter, we may select individual molecules that constitute the particle.
Then g is the number of molecules in a particle whose mass is measured on molecular mass units.
This definition is used below.

The reason for the time evolution of the mass spectrum in coagulating systems are the
separate acts of particle coalescence, whose velocity K (l, l,) (the coagulation kernel) is
assumed to be a known function of the masses [, and I, of the colliding particles, determined
from the independently solved problem of the relative motion of two particles in the carrier
medium.

Knowing K (4, ) we can set up an equation (the Smoluchowski equation) controlling the
time evolution of the mass spectrum. Details of the derivation can be found in /1, 2/, the
essence of which is that the rate of spectrum variation dy, is equated to the difference
of the rate of all coalescence processes resulting in the appearance of g-mers less the rate
of their loss produced by the sticking of g-mers to all other particles. The equation has
the form

9
-

di 1 =
ol Y K(g—l,l)cg.,cl—chK(g,'l)cl (1.1)

dt
1 I=1

i

The following analytic soclutions exist for three models with kernels (see /1-3/ and
references there):

Kl (lla lz) =2, K, (llv lz) =2 (4 4 I, — 1), K, (llv lz) = lllw (1.2)

Exact solutions are obtained below for three more models with coagulation kernels of the

form:
K (L, 1) = K, (l, ,) 86 (1) B¢ (L) (1.3)

Here K; (I}, l;) is any of the kernels (1.2), and ©g¢ (l) is the step function: @; (l) =1 when
I<G and Og(l) =0when [>G. The kernels (1.3) correspond to the fact that the particles
of mass greater than G cannot coagulate. The physical meaning of the model considered here

is that particles of mass greater than G are momentarily taken out of the system and fall into
the sediment whose spectrum is ¢ (t) 8¢ (g) Bg (§) =1 — 8¢ (g)). Thus the generating factor simu-
lates the particle sink.

2. 1In coagulating systems with kernels of the form (1.3) the mass spectrum develops in a
fairly specific manner. In the range of masses 1 <{ g <{ G the coagulation proceed regularly,
i.e. the concentration of g-mers decreases with time to zero. In the range G <Cg <2G part-
icles incapable of further evolution collect in the sediment. We will denote the respective
spectra by ¢g () and ¢g* (f). Then

e (t) =cg (1) Bg (g), cg* (8) = ¢4 (1) 86 () (2.1)

Multiplying (l.l), respectively, by 8¢ (g) and 86 (g), we obtain the following equations
which control the time evolution of the active part of the spectrum ¢;” (f) and the spectrum
of the sediment ¢g* (t)

- G
deg~@®) 4 Eos - _ _
S =8e@) Y Kilg ~ b e e Y Kl Doy (2.2)
1==1 =1
de,* 1 = &
S =3B0(e) Y Kilg — LD e (2.3)

l=al

Thus to determine the spectrum it is necessary to solve (2.2), after which the sediment
spectrum is determined by integrating (2.3).

Below, a complete solution is obtained of the problem of coagulation in model systems
of initially monodispersed particles, i.e. the initial conditjons for (2.2) and (2.3) are
selected in the form (84, is the Kronecker delta)

g (0) = 84,1 (2.4)

3. First, the case of coagulation kernel K == 28¢ (},) 86 (l;) is considered. For the in-
itial condition (2.4) it is convenient to use the variables +,T introduced by the equations

/2/
cgt (t) = vt (1) ¢ (¥) (3.1)
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1
== S [} (t’) dt’
n

Subsituting (3.1) into (2.2) and (2.3) we obtain

=1
dv,~ - 3.2
d: =eg (g)Z‘Vg_I'Vl ( )
lemy
&=1
de,t -
SN
[Z=1

The solution of the first equation of (3.2) with initial condition (2.4) has the form
vg (¥) = vt (3.3)
Substituting (3.3) into the second equation of (3.2) and integrating we obtain

T

(=026 —¢ + 1) (e @) & (3.4)

o
wWhen deriving (3.4) the following obvious relation was used:

—1
s (8) gea(z—l)ﬁa(l)=26_g+ 1

The dependence on t of the monomer concentration ¢; is determined by an equation resulting
from (2.2) after substituting (3.1)

G
2 — —20(1) Z w

=1

Integration of this equation using (3.3) yields

¢; (t) =-exp [— 2I (%)}, I(t)sS 11':_":- dn (3.5)
[}

Equation (3.5) together with (3.1), (3.3) and (3.4) enables us finally to determine ¢, (1)
and cg+ (T)'

The change from the variable T to real time t is made using the following formula, which
follows directly from (3.2):

hi

z(z)=sc—ff5-=sexpzf(§)d§ (3.6)

o (]

Note that unlike the case of G= 000, T = o0 corresponds to the instant ¢ = oc and not
Tt =1. This follows from the fact that the integrand in (3.6) has no singular points when §
is finite. This information enables us to determine the final sediment spectrum

cg (t = 00) = ¢g* (v = 00) = (26 — g + 1) { B2, @) dF (3.7)

4. Let us analyze the asymptotic form of the results obtained when G> 1. Ve begin
with the case when t<<1,1 — 1> G'. Neglecting 16 , compared with 1, we find from (3.5),
(3.6) and (3.7)

¢ 1
T= g ) cl(t)='(_!-|——i)-"—’ (4.1)

- £-1 26—~g 3

O=GrE COSTT ay

The first three formulas of (4.1l) do not differ from those when G = oc. This has a
simple explanation: the spectrum has not developed sufficiently to feel the constraints on
the coagulation coefficient. Almost the whole mass of the dispersed phase is concentrated in
the active part of the spectrum. The sink mass is small, like ¢6. The basic events related
to the transitien of the active fraction to the sink develop in the neighbourhood of the point
T =1. This clearly shows in the asymptotic evaluation of the integral that- defines the final
sediment spectrum.

To evaluate the integral on the right-hand side of (3.7), we divide the integration region
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into three segments (0,1 — A], [1 — A, 1 4+ A], [1 + A, oo)selecting the quantity A so that GA —
© as G— oo, but GA*-—> 0. The last condition allows the approximation (1 4+ A)6 == e84 to be
used. It can be shown that the integrals over the first and second segments are small, like
eG4 , so that it remains merely to evaluate the integral

14A 1+4
{ &o-2oxp[— 21 ()] d& =exp [— 2I (1)] S ge-rexp [— 2(I §) — I (1))] d& (4.2)

1-A

When ¢ is large (C is Euler's constant)

G
=Y Ltxme+c
27

To calculate the difference [ (!) — I (1) we make the change § = 1{ 4 zA. Then

GxA

IH—It= |

0

After the change, and substituting (4.3) into (4.2) we obtain

—1
3

dE = Q(Gz4) (4.3)

1H+A 1
S te-2exp[— 21 )] dE = A S exp [gz8 — 20 (gzA)]dz =
= Ga - ‘ oo
+ { el +1)s—20@)ds= - § exp (1 +)s—200)]ds
—-GA -—0
where the parameter A is introduced for convenience by the formula
g=6G1+1), 0! (4.4

Finally, the asymptotic form of the final spectrum of the sediment is

¢g* (00) = g (1 —N)e® °§ exp [(1+x)s—2s Cidmd ag ] ds (4.5)

The denumerable concentration of particles in the sediment is obtained by integrating
the spectrum (4.5)

2G

oC v 8
N (o) = ot dg =L | L (¢ — 1 — e dsn 202 (4.6)
G —00

The condition for normalization on unit of mass was checked numerically.

The relation Rg (A) = G®cg* (o) 1is tabulated below together with the results of numerical
calculations of Rg(A) using the exact formula (3.7) for G =50 and G = 100, which enables
us to follow the convergence of the spectrum to the asymptotic limit (4.5):

P o 04 03 05 07 09 1,0
R (M) 2,64 1,91 1,04 0,574 0,287 0,0847 O
Rygo (A) — 1,92 1,05 0,582029400921 0,008
Ry (3) — 1,93 1,06 0,588 0,300 0,0989 0,016

5. We will now consider the model K =2 (, + I, —1) 6 (},) 8¢ (,,). The equation of the active
part of the spectrum in the variables w~,t has the form

G
d -
H=a2 Yy (5.1)

R—=1 G

d::‘ = [Z”;—l”t'-zva'xvz'1 (5.2)
-

le=]

The equation for the sediment spectrum follows from (2.3)
2=1

S (g —)8a(@)er Y Ve (5.3)

I==1

de,*

We will seek a solution of (5.2) in the form /2/

v~ = rghfl (1) (5.4)
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Substituting (5.4) into (5.2) and separating the variables, we obtain

G
dh 5.5
w2y =1 h0)=0 (5.5
=1
g—1
5.
re= 2 re.im (5-6)
l=1
To solve (5.6) we introduce the generating function
F(z)= 3 ref
=1
Assuming that r;, =1 (a corollary of initial condition (2.4)), from (5.6) we have
F* - F 4+2z2=0
Solving this equation, we obtain
(2e—3) 5.7
=2 g (5.7)

Let us now establish the connection between h (t) and ¢, (t) . Differentiating (5.5) with
respect to t and using (5.1) we obtain ¢’ = ¢h"/h’. Integrating this equation, we obtain

¢, = k' (v) (5.8)
which enables (5.3) to be integrated, giving

- 81
cg* (v) =8¢ (g) h#~! (1):2, rg-1Ty (5.9)
The spectrum of the active part is
¢ (x) = rgh’ (3) b7 (5.10)

Equations (5.5), and (5.7)—(5.10) provide the complete solution of the problem.

6. Let us analyze the results obtained in the limit of large G. For this we shall need
the asymptotics

- &1
rg and B, (g) 12 ooty
=1

Using Stirling's formula, we obtain

rg == 451 (ngt)'/ (6.1)
Then by definition (4.4) we have
2=1 G
= #7111 (6.2)
06(3)2 Fgty = S rgrdl = —————e .
-~ e a1 +APVY

The next step is to solve (5.5) for the function i (r). From /2/ we know the result when
G = o

"“"v T<l/2 (6.3)

h®) =[ Yoo Ty, (f=1y (1 — ™)

This result can be used when !, —t<< ¢!, The value t=1, corresponds to the comple-
tion of coagulation whea @ =o00. All this means that the spectrum of the active part is
exponentially small when g~ G, and the limitation with respect to g is unimportant. The
number of particles in the sediment is also exponentially small. Its spectrum may be obtained
by combining (6.2), (6.3) and (5.9)

-1
¢'+(.,)=(1_.,:)¢-1_::Tf__t_”_ (6.4)
A+arvVi

At the instant 1=+, when active transition of particles to the sediment begins (the
finiteness of G then becomes important), the quantity & (1,) becomes equal to 1/4 and then, as
will be shown below, begins to exceed the value mentioned (by a quantity of the order of 6.
When k(1) =%, we obtain &'(1) from (5.5) and by the same token ¢; . For this we note that
when T= 1
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) oo

- SN SNSRI I WA L_ (6.5)
24 = Zé - ;44 ) 4V:T§g dg 2}/—6

=]

Hence A =¢, = (6", Thus at that moment the spectra take the form
— A

R 1
(W)= aG (1 +APVR (6.6)

V'G—g Iv Ug*(‘ﬂ)=

The mass M of the active part of the spectrum, and the mass M+ of the sediment are
G

2
M- = goy (g =5 (6.7)
[

¥ 1 ¢ (1—A)dh 2
e = s waie = YT =

The condition of conservation of mass M*++4 M- =1 1is satisfied.
Let us now find the final sediment spectrum. For this the solution of (5.5) is required
when <>, It is independent of ¥, and we will seek it in the form

1
h(1)=—;-exp% (6.8)

The equation for £, is obtained after substituting (6.8) into (5.5), making the trans-
formations

S 1 &, S -
Jorh = 4+ 3 4 [exp (BadiG) — 1]
=% =1 =1

and replacing the sums by the integrals (see (6.5))

Vz;§ S ==z (©-9)

Numerical calculation gives ;= 0.8540. Now, combining (5.9), and the second formula
(6.6) and (6.8), we obtain

1 1—A
= ——— 6.10
¢g* (00) sorexp (G (1+ V] TSV T4 ( )
Normalization of the total mass to unity was checked numerically. The denumerable sedi-
ment concentration is
2G
N+(eo)=-§ og* (o0) dg =~
This completes the analysis of the second model.

7. fThe solution for the model K = ,,8¢ () 8¢ (l;) proves to be in many respects similar
to the previous ones. For the active part of the spectrum we obtain in the variables w1

G
dey - (7.1}
= —Cy vy (7)
F=—a),
dv,‘ 1 = - - - - -
~—==8:(8) ) (g =)l —(g—1)v vy (7.2)
Lol am]

For the sediment spectrum we have

de,* 1 = - -
L= 1-8c(g)e (1) ), (8 — D lvgv (7.3)

{=n1

Equation (7.2) is solved by separating the variables, i.e. the solution is sought in the
form (5.4), For h'and r, we obtain other equations

G g=

W+ Y ikt =1, @—Dre=—5 Y (€ —Direr (7.4)

=1 {=1

-

Multiplying the first of them by z¢# and summing with respect to g, we obtain
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oF' —F=1FF, or Fef=z(F()= Ex grezf)

From this, using contour integration, making the change of variable 2z=—>F and taking
into acount the equations for F and F', we obtain

1 F_, _ 1 Fdr 14 (1—F)e8FdF _ g8 (7.5)
r‘=2m_'g§ T =y Oy = T gﬁ P 8!

The connection between ¢, (v)and k(r) is somewhat more complicated than in the preceeding
case. Namely, from (7.1) and the first of (7.4) we obtain d,ln (¢/h) = —1/h. Changing from
¥ to t using the second of (3.1), we obtain

d; (ey/h) = — (e,/h)
Hence
7.6
= ( )
The spectrum is thus again expressed in terms of the single function h
Y i (7.7
L
1 = b OR8¢y dr
5" () =5 8a(8) Y, (¢ — Drg-m § 5k (7.8)

L) 0

This completes the exact analysis.

8. To investigate the behaviour of the solution for large G we again need the asymptotic
form of the coefficients in (7.7) and of the sum in (7.8)
&£
rgz Vzn_g.
g—1

(8.1)

€
= (1—2A)
85 (8) (€—1)irg,r -—-Te —_—r (8.2)
I;l 117 a6 (4 aApV R

Up to the instant when then cut-off factor G begins to affect the form of the coagulation
spectrum, the function h(r) is easily determined. As G- o , from (7.4) we obtain h' + F(h) =
i. Differentiating FeF =1 with respect to h, we obtain (f — F) -c'F.’ and substituting it
into the first equation, we obtain Fy =¢f. Then we have

1
h(,r)=[(i—1.')ln T Tl —et

(8.3)
e71, T>1 el
Changing from T to t using (7.6) and the second of (3.1), we obtain
tT=1—," (8.4)
This relation holds up to the instant :=1. At t=1 we have k(i) =¢7?, the spectrum of

the active fraction becomes exponential, and the effect of the cut-off factor G begins to be
substantial. 1In an infinite system at this instant a superparticle is formed, and the
Smoluchowski equation is no longer applicable /4/. The finiteness of ¢ radically alters the
situation. At r>1 the particles begin to drop into the sediment. Up to t=1 , as seen
from (7.7) and (8.1), almost the whole mass is concentrated in the active part of the spectrum.
Even at the critical instant ;=1 , the difference of M- from unity is of the order of &'
Then an appreciable sediment is formed at once. ’

To trace the above process it is necessary to solve the first of (7.4) with T>1~—¢1,
This has already been done above. This equation, except for the coefficients, is the same
as (5.5), and the structure of its solution is the same

h (1) = €7 exp [£og/G] (8.5)

The constant’ §, is, as previously, given by (6.9). The active part of the spectrum when
t>1 1is '

cg‘=——‘v.2’_‘g.5 exp (Eog/G) (8.6)

To calculate the sediment spectrum it is necessary to evaluate the integral on the right-
hand side of (7.8). We divide it into the sum of two integrals: an integral along the segment
0,1} and an integral along [1,#f]. For the first we obtain
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1 1 .
i 20

S R ()= S 8728 gt e S I/T ~eBg

[}

[}
This is the result of the estimate by the method of steepest descent for large g~ G.
The second integral makes a contribution that is V¢ times greater. Hence in the limit
of large g, taking into account (8.2), we have

_expla(i+d)] 1} N
O mareridtky -7
As (t— o) the final sediment spectrum is the same as that determined for the preceding

model (see (6.10)).

9. The qualitative picture of the coagulation process in the models considered is as
follows. At the initial stage, when the effect of the sink has not made itself felt, the
asymptotic form of the spectrum of the active fraction for large g is defined by the gamma
distributions /1, 2/

cg ~ g¥ exp [—a (t) gl (9.1)

For the models in the order they were considered y =0, ¥, ®, and a () =%, e* | ang
Int?—t(t<1 for the last model.

R For the initial stage the condition a ()G<€1 of low con~

centration of particles of mass g ~ G is characteristic. From
this follows the estimate of the time of the initial period t ~ G
and InG,1 , respectively.

In the transition period the spectrum of the active fraction
becomes exponential: ¢~ g% Then a ()G ~ 1 from which the
esimate of the duration of the transiticn period is t, ~ G, InG,
G-'» (to obtain this result it is necessary to expand @ (t) in series
in the neighbourhood of (= 1). During this period intensive
formulation of sediment begins.

Finally, the concluding stage is the formation of the final
sediment spectrum. At this stage the effect of the sink is rather
curious. The exponential mass spectrum of the active fraction
is modified exponentially with respect to the growing factor
oxp (E,¢/G) in the case of the last two models. In the model with
constant kernel the spectrum of the active fraction increases ex-

]
4 o5 N 1 ponentially and gradually concentrates near g ~ G.
Fig.l The third model deserves a separate comment. It has already
been mentioned that in this model a superparticle is formed, when
G=0% and t>1 /4/. However, the formal transition to G— o in the formulas of Sect.8

does not provide anything like that. This is not surprising, since the thermodynamic limit
was considered (the particle concentration is finite and the total particle number in the
volume of the system is infinite). Meanwhile, to establish the fact that a superparticle
appears it is necessary to consider finite systems (see /4/), and superparticle formation can
be followed by passing to the limit G—oe , but 0 G/ ¥ <o . Here N is the total number of
particles in the coagulating system. In the above investigation the ratio G/ N =0 and,
naturally, the passage to the limit necessary for detecting the superparticle, is impractic-
able.
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